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Abstract
The Hurwitz Stability Criterion is a method employed in analysis of control system. It is used in

determining whether all the roots of the characteristic equation of a continuous system have negative real
parts. It is a method that only shows interest in the determinants values of a characteristic equation of a
continuous system. The mathematical modelling of milling machine in 3-degree of freedom (DOF) using
its dynamic parameters presented in this work. The design method employed in this work utilized various
software to design, model and analyzed the milling machine. Linear time-invariant (LTI) ordinary
differential equations (ODEs) with forcing using both time-domain and Laplace transform methods were
among the methods used to develop the mathematical model. With this model, analysis was also carried
out using linear control system analysis/criterion via Hurwitz stability criterion. The analysis of the model
using the linear control system stability criterion showed that the mathematical model of the milling
machine in 3-DOF using its dynamic parameters was stable for the stability criterion confirming the
accuracy of the model. It thus, serve as a guide for engineers, technicians and machinists during milling
operation and also contributes to the body of knowledge in chatter vibration in milling machine. In this
paper, the determinants formed from the coefficients of a 6th-order characteristic equation using the
Hurwitz stability criterion was presented. Its stability was established only when all the roots of the
characteristic equation have negative real parts and only if all the determinants are greater than zero.
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1. Introduction

The Hurwitz polynomial (named after Adolf
Hurwitz) is a polynomial whose zeros i.e. (roots)
are located in the left half-plane of the complex
plane or on the imaginary axis, that is, the real part
of every root is zero or negative. Such a polynomial
must have coefficients that are positive real
numbers. The term is sometimes restricted to
polynomials whose roots have real parts that are
strictly negative, excluding the axis (i.e., a
Hurwitz stable polynomial). Hurwitz polynomials
are important in control systems theory because
they represent the characteristic

equations of stable linear systems. It can be
determined whether a polynomial is Hurwitz by
solving the equation to find the roots, or from the
coefficients without solving the equation by
the Routh—Hurwitz stability criterion.

For a polynomial to be Hurwitz, it is necessary
but not sufficient that all of its coefficients be
positive (except for second-degree polynomials
which also do not imply sufficiency). A necessary
and sufficient condition that a polynomial is
Hurwitz is that it passes the Routh—Hurwitz stability
criterion (Ogata 2010). A given polynomial can be
efficiently tested to be Hurwitz or not by using the
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Routh continued fraction expansion technique. The
Hurwitz criterion is applied using the determinants
formed from the coefficients of the characteristic
equation. It is assumed that the first coefficient, a,,,
is positive (Distefano et al., 2010).

Saleh (2013) presented a method using the
energy balance with 3-DOF mode in two orthogonal
x and y direction. In this research, a hew approach
based on control system analysis using Hurwitz
stability criterion has been carried out. A milling
model has been developed to consider variable
dimension of the dynamic parameter of 3-DOF
modes in three orthogonal, X, y and z direction. This
technique was not considered before.

2. Materials and methods

The control system analysis was carried out in
this research work. To achieve this, the method of
Hurwitz stability criterion was considered.

(a) Hurwitz Stability Criterion:

Consider the characteristic equation given by:

aps™ + a;s" +

(1)

The Hurwitz stability criterion, gives conditions for
all the roots to have negative real parts in terms of
the coefficients of the polynomial. It states that for
all the roots to have negative real parts, all the
coefficients a’s must be positive. This is a necessary
condition but not a sufficient condition. If this
condition is not satisfied, it indicates that some of
the roots have positive real parts or are imaginary or
zero. The necessary and sufficient condition is that
all the successive principal minors of the
determinant, A,, be positive. If all the determinants
are positive, and a, >0 as already assumed, then
the equilibrium state of the system whose
characteristic equation is given in Equation (1) is
asymptotically stable. Hurwitz criterion states that
all the roots of the characteristic equation have
negative real parts if and only if A;>0,i=
1,2,...,n.

In this paper, a 6th-order characteristic equation
is considered. Its stability is determined whether all
the roots of the characteristic equation have
negative real part.

(b) Stability Analysis for Hurwitz Stability
Criterion:

Considering the stability of the characteristic

equation of the 6th-order polynomial below.

...... + ap_1s+ a, =0

0.027s® + 87.3s°> + 25.68 x 10°s* +
54.932 x 10%s3 + 6.832 x 101552 +
4.632 x 1018s + 0.444 x 1024 =0

Since all the coefficients of the polynomial are
positive, the coefficients in the determinant are
arranged as follow:

a, as as 0 0 0
Qo a Ay Qg 0 0
0 a, as as 0 0
Anx = 0 ag a, a, ae 0 (2)
0 0 a1 a3 as 0
0 0 ao a2 a4 a6

where the a,,’s have the following values.

ap, = 0.027, a; = 87.3, a, = 25.68 x 10°, a5 =
54.932 x 10°%, a, = 6.832 X 10'5, a5 = 4.632 x
1018, a; = 0.444 x 10%*

By substituting the value of the Routh’s array

coefficients in Equation (2), the following
determinant were obtained.

_ aq as _
A, = |a0 a2| = a1a; — Q4pds

= |(87.3 x 25.680 x 10°) — (0.027 x
54.932 x 109)]

=0.7587 x 10°
a; asz as
Ay=|Aq Az ay
0 a4 a4
=aylaaz — a;a4| — azlagaz| + aslaga |
=87.3|(25.680 x 106 x 54.932 x
10%)- (87.3 x 6.832 x 10%)| —

54.932 x 10°]0.027 x
4.632 x 108|0.027 x 87.3|

54.932 x 10°| +

=0.5251x1018

a, das
ap a; a, ag
0 a; az as
0 ay a2 a4

A4:
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a; a4 Qg Qo a4 Qg a; as O a, as O
=a |1 az Gas|— aj 0 a3 as|+ =aq [az Ay Qg Ag|— aq|qp Q4 ag|+
Qo Qz Q4 0 a; a a; as das 0 a; asg
o dz2 Qs a, as; O a; as O
as|0 a1 as aglap a; ag ] - ag [ao a, a, ag|—
0 a a, 0 a; as a, as as
: 0 ag O 0 az O
= ailaz(asa, — azas) — as(a1a4 — a, |0 a, ag|+ ag|0 a, a6+
aoas) + ag(aia; — apas)] — 0 a; as 0 a as
aslag(aza, — aas)]+ aslag(a;a, —
Goas)] a; as O 0 az O
= 87.3[25.680 x 105](54.932 x 10° x i ] S B g A4 Aol F
6.832 x 10'%) — (25.680 x 10° X 4.632 X 3 G5 % s
10'8)| — 6.832 x 10%5|(87.3 X 6.832 X 0 a, 0

10%5) — (0.027 x 4.632 x 10'%)| +

0.444 x 10%%|(87.3 x 25.680 x 10°) —
(0.027 x 54.932 x 10°|] — 54.932 x
10°[0.027|(54.932 x 10° x 6.832 x 10%°) —

0 ag ag
0 0 as

Qg

|

= lai(azlaz(asas — azaq) — as(azas —

(25.680 x 10° x 4.632 x 10'®)|] +

4.632 x 10'8[0.027(87.3 x 6.832 x 10'°) —

(0.027 x 4.632 x 108)|]

=1.711 x 1033

0 0
Qo Az Q4 a4 O

0 ap a, a; ag
0 0 a a3z as
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a1a¢))| — asla;(agas — azaq) — as(apas)| +
aglai(azas — asaq) — az(agas)|] —

las(aglas(asas — azag) — as(azas — ajaq)|] +

las(aglai(asas — azag) — as(agas))l]

= [87.3(25.680 x 10°|54.932 x 109(6.832 X
1015 x 4.632 x 10'® — 54,932 x 10° x
0.444 x 10%%) — 4.632 x 10'8(25.680 x
10° X 4.632 x 1018 — 87.3 x 0.444 X
10%%))| - 6.832 x  10'5|87.3 (6.832 x
105 x 4.632 x 108 — 54.932 x 10° x
0.444 x 10%%) — 4.632 X 10'8(0.027 x
4.632 x 10'8)| + 0.444 x

10%4|87.3 (25.680 x 10° x 4.632 x 108 —
87.3 x 0.444 x 10%%) —54.932 X
10°(0.027 x 4.632 x 1018)]] -
[54.932 x 109(0.027|54.932 x

10°(6.832 x 105 x 4.632 x 1018 —

54932 x  10°x0.444 x  10%%) -

4.632 x 10'8(25.680 x  10° x 4.632 X
10— 873 x 0444 x  10*)|] +

[4.632 x  10'8(0.027|87.3 (6.832 X

54.932 x 10° x
108(0.027 x

105 x 4.632 x 108 —
0.444 x 10%%) — 4.632 x
4.632 x 10'8))|]

= 1.427x 105°
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a; asz das 0 O a; as 0 O as 0 O

0 0
ag 0aAp; Qg Qg 0 0 ala Ag Q4 Qg 0 a 0 Ay ag 0
A, = 0 a; az as 0 O 51710 a3 as O 20 a3 as O
0 ag a, a4, a¢ O 0 a, a4 ag 0 a, a4 ag
0 0 a; a3 as O 0 agt 0 O
0 0 a a as ae + ag % Cgo ;16 g
5

I 0 0 as Qg

0 ay a, a, ag a, ag O a, ag O
=aqlazlazlaz as O|—aslay, as O0])—
%0 44 4 0 0 a, a, ag a, a, ag

a, a, O
0|0 @ a o 0|+ (
as| aq

a, a, a 0 0 a as 0
0 a, as 0 0 as 0 as 0 +
as|0 ay as ag O 0 a; ag
0 0 az as O a; as 0
0 0 a, a, ag ae (al a, as 0]-
ap a4 Qe

a, ag O
0 as 0 >] —
0 ag ag

=a+ |la — as
1 2 al a3 aS O
Qo Az a, Qg
a, ag O
a, a
145 0.0 asz|aglazlas as O0]—
% A4 as 0 + a a4 Qg

0 a, a4 ag a; as 0
as aq as 0 -
@ a3 00 ap Q4 Qg

% | a as Of|” 0 ag O
0 ay a4 ag ay (— as 8 ZS 0? >+
az as 0 0 . 40 6
a; Qy Ag 0 Ag
a3 %o a, as ag 0 - Ag <_ as 0 as 0 +
Ay Az a, Qg 0 a, GQg
0 as 0 0 a; Qg 0
a 0 a, ag O 4 as [ao <a1 az as 0|-—
410 a3 as O a; Qa4 Qe
0 a, a, Qg ag deg 0
a3 0 O as|0 as Of])-
a, a O + 0 ay ag

a, as O
ap a4 Qe
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0 a6 O
0 az O

a; <— Aas
0 a, ag

o3 )

0 Aas 0
= ay[azlaz{as(asag) — ag(azae)} —

)+

0 a4 ag

as{ay(asag) —  ag(a,aq)}l —
agla;{as(asag) — aglazag)} —
as{ao(asae)}l + aglai{a,(asae) —
ag(a1a6)} —  azlag(asae}|] —
aslaglas{as(asag) — ag(azag)} —
as{az(asas) — as(azae)}l] +
ag(azag)} —

aslaglai{as(asag) —

as{ao(asae)}l]

= 87.3[25.68 x 10°|54.932 x 10°{6.832 x
1015(4.632 x 108 x 0.444 x 10%%) —

0.444 x 102#(54.932 x 10° x 0.444 x 10%*)} —
4.632 x 10'8{25.68 x 10°(4.632 x 108 x
0.444 x 10%%) — 0.444 x 10%4(87.3 x 0.444 X
10%9)}| — 6.832 x 10'%|87.3{6.832 x
1015(4.632 x 108 x 0.444 x 10%*) —

0.444 x 10%#(54.932 x 10° x 0.444 x

10%4)} — 4.632 x 10'8{0.027(4.632 x 108 x
0.444 x 10%%)}| + 0.444 x 102*|87.3{25.68 x
10°(4.632 x 108 x 0.444 x 10%*) —

0.444 x 10%4(87.3 x 0.444 x 10%4)} —

54.932 x 10°{0.027(4.632 x 108 x 0.444 x

10%4}|] — 54.932 x 10°[0.027|54.932 x
10°{6.832 x 10'5(4.632 x 108 x 0.444 X
10%4) — 0.444 x 10%%(54.932 x 10° x 0.444 X
10%4)} — 4.632 x 10'8{25.68 x 10°(4.632 x
108 x 0.444 x 10%%) — 0.444 x 1024(87.3 x
0.444 x 10%*)}|] + 4.632 x
10'8[0.027|87.3{6.832 x 10°(4.632 x 108 x
0.444 x 10%%) — 0.444 x 10%4(54.932 x 10° x
0.444 x 10%%)} — 4.632 x 10'8{0.027(4.632 X

108 x 0.444 x 1024)}(]

= 5.45x 1073

3. Results and discussion

Hurwitz stability criterion is only interested in
the determinant values to ascertain the stability of a
system. Hence, the determinant values are:

A, = 87.3, A, = 0.7587x 10°, A; = 0.5251x 1018,
A, = 1.711x 1033, Ac = 1.427x10%, A, =
5.45% 1073

The result presented above showed the determinant
of the 6th-order characteristic equation using the
Hurwitz stability criterion. Since all the determinant
values, A;'s have negative real parts i.e., A;'s > 0.
It therefore shows that the system is stable
confirming the accuracy of the model. Literatures
on control system analysis is very limited. Thus,
this study is unique in itself. However, Saleh (2013)
related study presented the energy balance with 3-
DOF mode in two orthogonal x and y direction. An
energy balance approach as an alternative method of
exploring the system stability from time domain
simulation data. In this research, a new approach
based on control system analysis using Hurwitz
stability criterion was carried out with 3-DOF mode
in three orthogonal x, y and z direction.

4. Conclusion
From the results presented, it was observed that
all the determinant values, A;’s have negative real
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parts i.e., A;'s > 0 which confirmed the stability of References
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